The spatial distribution of prices is closely linked with the urban real estate market. Property prices are one of the key indicators of economic activity because they influence economic decisions. Decision-makers and consumers often need information about the spatial distribution of prices, but spatial-temporal analyses of the real estate market are based on the prices quoted in different locations across years (epochs). Due to this idiosyncrasy, the resulting datasets are dispersed (different across years) and difficult to compare. For this reason, the existing interpolation methods are not always effective in analyses of the real estate market. A different approach to interpolating real estate prices that supports the generation of continuous interpolated surfaces while maintaining the values of measurement points is thus needed. This paper proposes a method for replacing dispersed spatial data with a regular GRID structure. The GRID structure covers the measured object with a regular network of nodes, which supports uniform interpolation at every point of the analyzed space and a comparison of interpolation models in successive epochs (years). The proposed method was tested on a selected object. The results indicate that the GRID structure can be used in analyses of highly complex real estate markets where input data are incomplete, irregular and dispersed.
Introduction
The market of residential property is defined as "geographic areas where the price per unit of housing quantity (defined using some index of housing characteristics) is constant" [1] . The spatial distribution of prices is closely linked with the real estate market. Property prices are one of the key indicators of economic activity because they influence economic decisions and constitute vital statistical data. Decision-makers and consumers often need information about the spatial distribution of prices. Property transactions can be represented by points (in simple terms), and they are highly differentiated, which significantly impairs analyses of changes in local markets over time [2] . The hedonic regression method and the repeat-sales method are most frequently used in real estate market analyses [3] [4] [5] [6] [7] [8] [9] [10] [11] . The emergence of geographic information system (GIS) tools contributed to the development of surface models with the use of spatial interpolation methods (geostatistical methods) [12] [13] [14] [15] [16] [17] . According to Chou [18] , spatial interpolation relies on two fundamental assumptions: The surface of the price variable is continuous (therefore, the value can be estimated at every location), and the price variable is spatially dependent (the value in a specific location is related to the values in surrounding locations). The presence of spatial correlations between prices resulting from neighborhood effects has been observed by many authors [3, [19] [20] [21] [22] , and it supports price analyses with the use of various interpolation methods.
Spatial information systems (SIS) are used to describe, analyze, explain, interpret and predict different phenomena in physical space. Spatial data visualization methods also support analyses of values which can be localized in a spatial reference system [23, 24] . Databases are introduced to obtain information from various measurement epochs, which supports the analysis of changes in data over time. A spatial information system is transformed into a dynamic spatial information system (DSIS) when the time dimension is taken into account. The DSIS can be used to analyze physical or economic data in a given period of time to provide a comprehensive view of the examined phenomena [25, 26] . The processing capabilities of IT systems have to increase to accommodate the continued increase in the volume of data that are accumulated in successive epochs. There is an ongoing search for new methods of analyzing and interpreting data that can be localized in a land information system (LIS) or a geographic information system (GIS). Digital solutions from various data processing domains are combined to develop new methods in spatial data mining (SDM) [27] [28] [29] .
The aim of this study was to evaluate the applicability of a GRID structure for surface interpolation in an analysis of the dynamics of change in the real estate market. In this approach, the GRID structure constitutes a regular network of squares whose values in nodes (distributed in the corners of squares where the size of the base side can be freely adjusted) are determined by interpolation algorithms based on measurement points (real estate price) in the proximity of each node. The application of a GRID structure in spatiotemporal analyses is justified by the characteristic attributes of the real estate market. In the referenced literature, a spatiotemporal analysis of the real estate market relies on the prices acquired in different locations in successive years (measurement epochs). Due to this idiosyncrasy, the resulting datasets are dispersed (different across years) and difficult to compare. The above applies particularly to the interpolation of class intervals and their comparison on a common scale based on a triangulated irregular network (TIN) where successive nodes of the triangulated grid represent the prices obtained directly from the real estate market. The use of direct measurements (prices) often makes it impossible to model the analyzed area with a uniform triangulated network. Triangles have sides of different length, which disrupts the interpolation of isolines forming class intervals with the same precision across the entire area (Figure 4b,c) . As a result, the differences between epochs cannot be accurately determined in areas with a low density of the measured data. A high density of data, on the other hand, obstructs analyses of extreme prices. For this reason, TIN is not always directly recommended for spatial analyses. Areas where data were acquired in different periods of time (in different epochs) are particularly difficult to compare. In selected measurement points, data are not available for all epochs; therefore, selected locations cannot be accurately compared.
Those limitations create the need for different price interpolation methods on the real estate market. This study proposes innovative solutions for real estate market analysis, and the presented methods improve the quality of the analysis. The article discusses a method for replacing dispersed spatial data with a regular GRID structure. The solutions based on a GRID structure support: -reduction of excess information, -reduction or elimination of redundant information, -reduction of the volume of datasets stored in databases, -compensation for measurement errors, -reduction of the number of points describing a surface, -stepless regulation of grid resolution and adaptation of grid resolution to the morphology of the analyzed surface, -increasing node resolution on the examined surface for greater accuracy, -performance of analyses in consecutive measurement epochs at various locations with different density of measurement points, -performance of comparative analyses at the same node points which are determined mathematically, ISPRS Int. J. Geo-Inf. 2020, 9, 39 3 of 16 -acceleration of data modeling and visualization, -optimization of algorithms for faster processing of digital data, -simplification of directional (profile-related) data modeling and analysis, -greater clarity and transparency of the spatial organization of data, -precise arrangement and organization of the topological structure of stored data, -more convenient access to the required information in the data exploration process, -convenient and efficient data archiving, -multi-epoch archiving and modeling data for a specific time period, -higher efficiency of spatial data processing in real-time, -higher efficiency of database management systems (DBMS) [30] , -acceleration of spatial data mining (SDM) [27, 29] , -acceleration of data transfer between spatial information systems (SIS) [31] , -increasing the speed of access to data in internet spatial data servers (ISDS) [32] , -simplification of the structure of recording and reading data in spatial database (SDB) models [33, 34] , -acceleration of spatial online application processing (SOLAP) [35] , -increasing the data processing capacity of dynamic SIS (DSIS) [26] .
The above attributes justify the comprehensive use of the GRID structure in various stages of data processing in the proposed methodology.
The object and the spatial range of the study, and the method of preparing input data are discussed, price interpolations based on TIN and GRID surfaces are compared, and selected statistical indicators are interpreted in successive sections of the article. The principles for selecting interpolation algorithms and the resolution of the GRID structure are presented in the Results section in view of the location of measurement points in the analyzed area. Interpolation surfaces were also compared in different measurement epochs (years), and the values of numerical indicators describing changes over time were interpreted.
Materials and Methods

Subject Matter and Spatial Range of Analysis
This study analyzed the prices of apartments traded in 2005-2014 in the city of Olsztyn (Poland) in two residential estates. The accumulated data were classified into 10 measurement epochs. The average price of apartments (PLN/m 2 ; PLN-Polish zloty) traded in each epoch constituted the input data for further analyses. The average price was assigned to the location of the investigated object (building) in the adopted reference system (WGS 84 Web Mercator).
The analyzed dataset was highly homogeneous in terms of the following factors:
the examined housing resources were similar (same construction technology and year of construction, similar renovation and insulation solutions, which led to a similar degree of technical and functional wear), -the examined resources were managed by the same administrator, -the analyzed estates had a compact structure, -market demand was stable, -the analyzed estates accounted for 16% of housing resources in Olsztyn, -changes in apartment prices over time were similar to the trends observed in Olsztyn and across Poland, -the evaluated property was narrowed down to apartments with an average floor area of 40-60 m 2 .
An analysis of the dataset covering 2005 to 2014 revealed that the local property market developed dynamically in [2005] [2006] [2007] and that prices rose rapidly and peaked in 2007. Market growth was stalled in successive years, and the steady drop in prices was deepened in 2011-2012.
The evaluated area was analyzed in detail based on interpolated surfaces generated with the use of a GRID structure.
Preparation of Input Data
To develop a single-level database, every data record was written in three data fields. The address of the building containing the analyzed apartment was represented with two geographic coordinates (e.g., 53 .737152N, 20.489984E). The coordinates of a measurement point were determined in the geometric center of the building where the traded apartment was located. The price (P) of the traded apartment was the third data field. If several apartments were traded in the same building, the arithmetic mean of their prices was used in the analysis. The geographic coordinates of a measurement point (differing in the third decimal place) were rescaled to 1,000,000:1 to visualize spatial data in a homogeneous system. The price per unit, which was entered in the third data field, was not modified. 
Methods
Price Interpolation in the TIN Surface Model
In the presented example, the price data for 2005 create a set of dispersed points characterized by varied density in different segments of the analyzed area ( Figure 1a ). A similar pattern is observed in the remaining epochs, where the locations of measurement points in successive years do not overlap. 
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To develop a single-level database, every data record was written in three data fields. The address of the building containing the analyzed apartment was represented with two geographic coordinates (e.g., 53 .737152N, 20.489984E). The coordinates of a measurement point were determined in the geometric center of the building where the traded apartment was located. The price (P) of the traded apartment was the third data field. If several apartments were traded in the same building, the arithmetic mean of their prices was used in the analysis. The geographic coordinates of a measurement point (differing in the third decimal place) were rescaled to 1,000,000:1 to visualize spatial data in a homogeneous system. The price per unit, which was entered in the third data field, was not modified. Data for further analyses were reduced to a single-level database with identical records comprising fields N, E and P. 
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Price Interpolation in the TIN Surface Model
In the presented example, the price data for 2005 create a set of dispersed points characterized by varied density in different segments of the analyzed area ( Figure 1a ). A similar pattern is observed in the remaining epochs, where the locations of measurement points in successive years do not overlap. The minimum and maximum values of data for the entire period of analysis (2005-2014) were set at min = PLN 975/m 2 and max = PLN 6485/m 2 to represent all property prices in a homogeneous spatial system. The obtained values were then divided into 10 class intervals. The interpolated property prices were modeled with a TIN surface where successive nodes represented direct market prices (Figure 1b ,c). The analyzed values were sampled in different locations in successive years, and they formed dispersed sets that were difficult to compare. As a result, the differences between epochs could not be accurately determined in areas characterized by low data density. A high density of data, on the other hand, obstructed analyses of extreme prices. The use of direct measurements The minimum and maximum values of data for the entire period of analysis (2005-2014) were set at min = PLN 975/m 2 and max = PLN 6485/m 2 to represent all property prices in a homogeneous spatial system. The obtained values were then divided into 10 class intervals. The interpolated property prices were modeled with a TIN surface where successive nodes represented direct market prices (Figure 1b ,c). The analyzed values were sampled in different locations in successive years, and they formed dispersed sets that were difficult to compare. As a result, the differences between epochs could not be accurately determined in areas characterized by low data density. A high density of data, on the other hand, obstructed analyses of extreme prices. The use of direct measurements (prices) often makes it impossible to model the analyzed area with a uniform triangulated network. Triangles have sides of different lengths, which disrupts the interpolation of isolines forming class intervals with the same precision across the entire area (Figure 1b ,c). For this reason, TIN is not always directly recommended for spatial analyses. In some measurement points, data are not available for all epochs; therefore, selected locations cannot be accurately compared.
Price Interpolation in a GRID Surface Model
A regular network of nodes forming a GRID type structure can be used to guarantee that points with selected values are uniformly distributed across the analyzed area [36] [37] [38] . The grid can be developed based on regular shapes, but a regular network of squares with identical sides is most often used. The horizontal location of grid nodes is defined by a pair of coordinates XY (in this case: NE) which can be mapped in the same location for every epoch. The third coordinate is determined with the use of measurement points (in this case: apartment prices) located near every node of the grid of squares. The value in each node is determined by interpolation with a selected algorithm.
The same fragment of space represented by differently generated surfaces is shown in Figure 2 . The surface generated with direct measurements is a TIN structure, and it is based on a triangulated irregular network (Figure 2a ). It is characterized by irregularly distributed measurement points that are responsible for the irregular shape of the generated surface. In GRID structures ( Figure 2b-d) , the nodes creating the surface model are found in the corners of regularly distributed squares, and their location on plane XY is controlled by a constant distance interval in both directions of the axis. The interval determines the resolution of a GRID structure which can be freely regulated. Unlike a TIN structure (Figure 2a ), a GRID structure (Figure 2b-d ) models the analyzed object with a regular node network, which supports uniform interpolation at every point on the analyzed surface. (prices) often makes it impossible to model the analyzed area with a uniform triangulated network. Triangles have sides of different lengths, which disrupts the interpolation of isolines forming class intervals with the same precision across the entire area (Figure 1b ,c). For this reason, TIN is not always directly recommended for spatial analyses. In some measurement points, data are not available for all epochs; therefore, selected locations cannot be accurately compared.
The same fragment of space represented by differently generated surfaces is shown in Figure 2 . The surface generated with direct measurements is a TIN structure, and it is based on a triangulated irregular network (Figure 2a ). It is characterized by irregularly distributed measurement points that are responsible for the irregular shape of the generated surface. In GRID structures (Figure 2b-d) , the nodes creating the surface model are found in the corners of regularly distributed squares, and their location on plane XY is controlled by a constant distance interval in both directions of the axis. The interval determines the resolution of a GRID structure which can be freely regulated. Unlike a TIN structure (Figure 2a ), a GRID structure (Figure 2b-d ) models the analyzed object with a regular node network, which supports uniform interpolation at every point on the analyzed surface. 
Statistical Indicators
Interpolated surfaces can be generated from an identical number of points in each epoch when irregularly distributed measurement data are replaced with a regular network of nodes in a GRID 
Interpolated surfaces can be generated from an identical number of points in each epoch when irregularly distributed measurement data are replaced with a regular network of nodes in a GRID structure. A nonhomogeneous dataset from each epoch can be transformed into a homogeneous dataset (with an equal number of attributes) for an identical number of nodes with the same resolution. An identical number of data in each year supports the comparison of successive epochs with the use of statistical indicators. Selected epochs can be compared against the average value for a given period or an average value computed for a specific period. The values determined in each node can be used in statistical calculations. Statistical analyses can be performed with the use of selected indicators [39] [40] [41] . Statistical attributes can include the difference in the values assigned to every node in a GRID structure (independently for each epoch) and the overall arithmetic mean where weights were assigned to the number of measurements in each epoch (Equation (1)). This approach can be used to compare the accuracy of the interpolated surfaces generated based on GRID nodes with the actual measurement data.
where:
k-number of epochs, x i -ordinary arithmetic mean of values in a given epoch, n i -number of data (the number of attributes is equal to the number of measurements) in a given epoch.
The average difference in the values of successive nodes can be adopted as the ordinary average for each epoch (Equation (2)).
n-number of data (the number of attributes is equal to the number of nodes) in an epoch, w i -values assigned to nodes in a given epoch, x-arithmetic mean of data from all epochs (Equation (1)).
Successive epochs can be compared with the use of indicators describing the compared surfaces based on a single value for every epoch (Equation (3)). Standard deviation (Equation (2)) and RMS (Equation (4)) were used in the presented example. Standard deviation in Equation (3) was calculated to evaluate the variation of an attribute within a set. The value of an attribute in a set was described by the value assigned to different nodes in a given epoch, and the differences between node values and the ordinary average value for each epoch were calculated. This approach supports a comparison of differences in each epoch (variation within each set) with other epochs and with the average for a given period. In the presented examples, the higher the standard deviation, the greater the variations in the interpolated surfaces and, consequently, the greater the differences in property prices in a given epoch. Standard deviation can also be compared in successive epochs to determine the extent to which a given epoch deviates from the average for the investigated period.
n-number of data (the number of attributes is equal to the number of nodes) in a given epoch, w i -values assigned to nodes in a given epoch, x-ordinary average of differences in node values (Equation (2)).
The goodness of fit between the interpolated surfaces and the reference surface is compared with the RMSE. In the presented example, the reference surface comprises the surfaces of a plane created by the values of the overall average (Equation (1)). Those values were assigned to every node used in calculations. The lower the RMSE, the better the fit between the evaluated surfaces. In the presented example, the lower the RMSE, the closer the property prices are to the average for the analyzed period.
where: n-number of data (the number of attributes is equal to the number of nodes) in a given epoch, w i -values assigned to nodes in a given epoch, x-overall arithmetic mean for data from all epochs (Equation ( (1)).
Results
Selection of Interpolation Algorithm
The selection of an interpolation algorithm is an important stage in analyses deploying a GRID structure. In the presented example, the interpolation surfaces for analysis were generated with three algorithms: inverse distance to a power, kriging and radial basis function. This approach supported a comparison of interpolation results and the selection of the optimal solution for further analyses.
During the generation of GRID structures, the values in interpolation nodes are computed with the use of measurement points located near the mapped node within a given search radius R (Figure 2b ). The size of the radius is determined relative to the resolution of the node network, and an interpolation algorithm is selected to control the degree of generalization of the developed surface [42] [43] [44] [45] [46] . The shape of the interpolated surface generated based on GRID nodes can differ depending on the applied algorithm and its processing parameters. The choice of interpolation algorithm is determined by many factors, in particular, the distribution of measurement points, the resolution of the generated structure, the number of searched measurement points within a given radius, their location in sectors surrounding the node and the parameters of an interpolation algorithm [45] [46] [47] [48] . In Figure 2 , interpolation results are represented by the surfaces generated in the GRID model with inverse distance to a power (IDP), kriging (K) and radial base function (RBF) algorithms. The root mean square error of the interpolated surface to the TIN surface was calculated for all measurement points (Equation (4)) to select the best interpolation algorithm. The least satisfactory fit was obtained for the surface generated by the IDP algorithm. The surface models generated with K and RBF algorithms produced a similar fit, and local extrema were noted in the RBF model ( Figure 2d ). The most accurate GRID models were generated by algorithm K, and this algorithm was used to create interpolation surfaces in all epochs.
A surface model generated with a GRID structure is presented in Figure 3 . A network of nodes with 0.0005 • resolution was created in the analyzed area in the adopted coordinate system (WGS 84 Web Mercator), which supported the generation of 1386 model points (Figure 3a ). Measurement points (Figure 1a ) were used to calculate the interpolated value in each node with the use of the K algorithm. The resulting GRID structure was used to generate the interpolated surface, which is presented in Figure 3b ,c.
Selection of GRID Structure Resolution
The selection of the structural parameters of the network of squares describing the analyzed model of interpolation space is an equally important stage of the analysis. The parameters of a GRID structure are selected in view of its resolution which determines the size of the square base in the network which, in turn, defines the size of the base field where data from a given epoch can be analyzed. The location of nodes can be described freely, which supports smooth adjustment of network resolution to specific precision guidelines. Two resolutions of a GRID structure generated based on the same dataset ( Figure 1a ) are presented in Figure 4 . In the first case, the side of the square base was determined at 0.0005 • , which supported the generation of 1386 nodes in the analyzed object. In an enlarged fragment of the interpolated surface, the location of network nodes is presented relative to the group of five measurement points used in the example. 
The selection of the structural parameters of the network of squares describing the analyzed model of interpolation space is an equally important stage of the analysis. The parameters of a GRID structure are selected in view of its resolution which determines the size of the square base in the network which, in turn, defines the size of the base field where data from a given epoch can be analyzed. The location of nodes can be described freely, which supports smooth adjustment of network resolution to specific precision guidelines. Two resolutions of a GRID structure generated based on the same dataset ( Figure 1a ) are presented in Figure 4 . In the first case, the side of the square base was determined at 0.0005°, which supported the generation of 1386 nodes in the analyzed object. In an enlarged fragment of the interpolated surface, the location of network nodes is presented relative to the group of five measurement points used in the example.
Network nodes do not overlap measurement points due to the large size of the square base. The interpolated values in those nodes differ from the measured values, which produces a worse fit between the generated interpolated surface and the surface formed by measurement points. The size of the square bases forming the network can be determined by the precision of the horizontal coordinates of the analyzed measurement points. In the presented example, the estimation error of horizontal coordinates of every measurement point (geometric center of each building) was set at 0.0001°. 
The selection of the structural parameters of the network of squares describing the analyzed model of interpolation space is an equally important stage of the analysis. The parameters of a GRID structure are selected in view of its resolution which determines the size of the square base in the network which, in turn, defines the size of the base field where data from a given epoch can be analyzed. The location of nodes can be described freely, which supports smooth adjustment of network resolution to specific precision guidelines. Two resolutions of a GRID structure generated based on the same dataset (Figure 1a ) are presented in Figure 4 . In the first case, the side of the square base was determined at 0.0005°, which supported the generation of 1386 nodes in the analyzed object.
In an enlarged fragment of the interpolated surface, the location of network nodes is presented relative to the group of five measurement points used in the example.
Network nodes do not overlap measurement points due to the large size of the square base. The interpolated values in those nodes differ from the measured values, which produces a worse fit between the generated interpolated surface and the surface formed by measurement points. The size of the square bases forming the network can be determined by the precision of the horizontal coordinates of the analyzed measurement points. In the presented example, the estimation error of horizontal coordinates of every measurement point (geometric center of each building) was set at 0.0001°. Network nodes do not overlap measurement points due to the large size of the square base. The interpolated values in those nodes differ from the measured values, which produces a worse fit between the generated interpolated surface and the surface formed by measurement points. The size of the square bases forming the network can be determined by the precision of the horizontal coordinates of the analyzed measurement points. In the presented example, the estimation error of horizontal coordinates of every measurement point (geometric center of each building) was set at 0.0001 • .
The resulting increase in GRID resolution supported the generation of 32,240 nodes in the analyzed object ( Figure 4b ). In an enlarged fragment of the interpolated surface, the location of nodes is presented relative to the same group of five measurement points.
Higher-resolution supported the localization of nodes near measurement points within the margin of error for estimating the horizontal coordinates of every measured point. When the size of a base field is decreased, data can be analyzed with greater precision, and all lines separating class intervals can be interpolated more smoothly. The selected interpolation algorithm was used to assign near-market values to groups of interpolation nodes located closest to the measurement points. Surfaces created based on the nodes of the GRID network with 0.0001 • resolution can be used to determine property value zones localized in the analyzed object with given precision (Figure 5a ). When the size of a base field is adapted to the size of the measured objects (buildings), selected apartments can be localized in interpolated zones of property values (Figure 5b ). The influence of the prices of neighboring properties on the value of the analyzed object can be examined.
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Analysis of Numerical Models
Irregularly distributed measurement points can be replaced with a regular node network to compare interpolation models across epochs. The generated surfaces can be used to compare measurements performed in different periods of time with different distribution and resolution of the measured objects. Measurement data can also be replaced with a mathematically defined node network to compare the values generated in successive epochs in each node with the average price in a given period, represented by a horizontal plane. The location of three interpolated surfaces (generated based on GRID structures with 0.0001° resolution) relative to the average value for the entire measurement period is presented in Figure 6 . The overall average, calculated by assigning weights to the number of apartments traded in successive years, was determined at PLN 3780.80 / m 2 . In the first case (Figure 6a ), the interpolated surface was generated based on data for 2005. Excluding one case, the interpolation model is located below the plane representing the average price. The presented epoch (2005) was characterized by the lowest real estate prices. 
Irregularly distributed measurement points can be replaced with a regular node network to compare interpolation models across epochs. The generated surfaces can be used to compare measurements performed in different periods of time with different distribution and resolution of the measured objects. Measurement data can also be replaced with a mathematically defined node network to compare the values generated in successive epochs in each node with the average price in a given period, represented by a horizontal plane. The location of three interpolated surfaces (generated based on GRID structures with 0.0001 • resolution) relative to the average value for the entire measurement period is presented in Figure 6 . The overall average, calculated by assigning weights to the number of apartments traded in successive years, was determined at PLN 3780.80/m 2 . In the first case (Figure 6a ), the interpolated surface was generated based on data for 2005. Excluding one case, the interpolation model is located below the plane representing the average price. The presented epoch (2005) was characterized by the lowest real estate prices.
In the second case (Figure 6b ), an interpolation model was generated for 2007 values, and the horizontal coordinates of nodes were identical to those in the first example. In the presented model, most interpolation nodes are situated above the average for the analyzed period. This epoch (2007) was characterized by the highest real estate prices. The third example (Figure 6c ) represents an epoch (2014) where prices approximated the average. In this case, the horizontal coordinates of nodes were also identical to those noted in the previous examples.
The surface models generated by a GRID structure based on extreme values from selected epochs can be used to analyze the range of fluctuations in property prices in the examined period. In Figure 7 , models generated for epochs with extreme values are compared against one another and against the average for the analyzed period. An analysis can be performed in the same nodes despite different locations of measurement points in each epoch (Figure 7) . The generated nodes are uniformly distributed despite differences in the local density of measurement points. Local extrema, as well as areas characterized by similar property prices, can be determined in the compared epochs. Nodes with identical locations can also be used to determine differences in values between epochs and to present them in a differential diagram. A differential diagram generated based on differences in property prices in 2005 and 2007 is presented in Figure 8 . The diagram was adapted to the examined object with the use of all measurement points in both epochs. The calculated values were assigned to 10 equal class intervals, which supported the identification of differential price zones for both extreme and middle values. Analyses of the type are performed to determine areas with the highest and lowest price fluctuations in a given period as well as areas where property prices remained stable. In the second case (Figure 6b ), an interpolation model was generated for 2007 values, and the horizontal coordinates of nodes were identical to those in the first example. In the presented model, most interpolation nodes are situated above the average for the analyzed period. This epoch (2007) was characterized by the highest real estate prices. The third example (Figure 6c ) represents an epoch (2014) where prices approximated the average. In this case, the horizontal coordinates of nodes were also identical to those noted in the previous examples.
The surface models generated by a GRID structure based on extreme values from selected epochs can be used to analyze the range of fluctuations in property prices in the examined period. In Figure 7 , models generated for epochs with extreme values are compared against one another and against the average for the analyzed period. An analysis can be performed in the same nodes despite different locations of measurement points in each epoch (Figure 7) . The generated nodes are uniformly distributed despite differences in the local density of measurement points. Local extrema, as well as areas characterized by similar property prices, can be determined in the compared epochs. Nodes with identical locations can also be used to determine differences in values between epochs and to present them in a differential diagram. A differential diagram generated based on differences in property prices in 2005 and 2007 is presented in Figure 8 . The diagram was adapted to the examined object with the use of all measurement points in both epochs. The calculated values were assigned to 10 equal class intervals, which supported the identification of differential price zones for both extreme and middle values. Analyses of the type are performed to determine areas with the highest and lowest price fluctuations in a given period as well as areas where property prices remained stable. Differential diagrams generated for every epoch relative to the average for the entire period of analysis can also be used to visualize areas characterized by different property prices. Such diagrams are applied when local extrema disrupt the values of the calculated indicators (Equations (1)-(4) ). The diagrams are generated based on differences in the values of nodes and the arithmetic mean of Differential diagrams generated for every epoch relative to the average for the entire period of analysis can also be used to visualize areas characterized by different property prices. Such diagrams are applied when local extrema disrupt the values of the calculated indicators (Equations (1)-(4) ). The diagrams are generated based on differences in the values of nodes and the arithmetic mean of prices for the entire period of analysis. A differential diagram for 2014 is presented in Figure 9 . The Differential diagrams generated for every epoch relative to the average for the entire period of analysis can also be used to visualize areas characterized by different property prices. Such diagrams are applied when local extrema disrupt the values of the calculated indicators (Equations (1)-(4)). The diagrams are generated based on differences in the values of nodes and the arithmetic mean of prices for the entire period of analysis. A differential diagram for 2014 is presented in Figure 9 . The classification intervals of differential values support the identification of areas where property prices are above or below the average for all epochs. In the presented example, the differences are positive (above average-marked in red) and negative (below average-marked in green). Figure 8 . The location of differential price zones between 2005 and 2007 in the analyzed area, generated for base fields in a GRID structure with 0.0001° resolution. Source: own elaboration. Differential diagrams generated for every epoch relative to the average for the entire period of analysis can also be used to visualize areas characterized by different property prices. Such diagrams are applied when local extrema disrupt the values of the calculated indicators (Equations (1)-(4)). The diagrams are generated based on differences in the values of nodes and the arithmetic mean of prices for the entire period of analysis. A differential diagram for 2014 is presented in Figure 9 . The classification intervals of differential values support the identification of areas where property prices are above or below the average for all epochs. In the presented example, the differences are positive (above average-marked in red) and negative (below average-marked in green). Figure 9 . A differential diagram for average prices in 2014, generated based on a GRID structure with 0.0001° resolution. Source: own elaboration. Figure 9 . A differential diagram for average prices in 2014, generated based on a GRID structure with 0.0001 • resolution. Source: own elaboration.
Interpretation of Statistical Indicators
Equations (1)-(4) were applied to calculate the indicators in every epoch. Statistical indicators for successive epochs are presented in Figure 10 . In Figure 10a ,b, statistical indicators determined for GRID nodes are accompanied by the same indicators calculated for measurement points only. This approach supports an evaluation of the fit between the GRID interpolated surface and the TIN surface. The variations in the values of the calculated indicators result from differences in the number of data. The number of measurement points ranged from 80 to 135 in different epochs, and the number of interpolation nodes for 0.0001 • resolution was determined at 32,340, and it remained stable across epochs. Interpolation leads to minor surface generalization. Despite minor differences in the presented values, the correlations between successive epochs are identical, and they can be compared with the use of a GRID structure.
The average value of measurements computed by the conventional method and the absolute value of the average in GRID nodes calculated with Equation (2) The values of RMSE in Equation (4) calculated based on measured data and GRID nodes are compared in Figure 10b . The fit to average surface values generated for successive epochs is presented and compared in the diagrams. The measurements conducted in 2005 were characterized by the least satisfactory fit to the plane generated based on the average value for the investigated period (Figure 6a ). Most values are localized on the side of the plane representing the average value (below average), and excluding one case, none of the values compensate for the resulting RMSE. In 2007 (Figure 6b) , most values were also localized on only one side of the plane representing the average price (above average), but in this case, all values were closer to the average. In 2009-2014, property prices were similar, and they were characterized by similar relationships with the average price (a similar number of prices above and below the average for that period). The best fit between the surface generated by the average price and the interpolated surface was observed in 2012 and 2014 (Figure 6c ).
with the use of a GRID structure.
The average value of measurements computed by the conventional method and the absolute value of the average in GRID nodes calculated with Equation (2) are compared in Figure 10a . The two indicators demonstrate that the average property price was the lowest in 2005 and the highest in 2007. The average price was stabilized at PLN 4100 /m 2 in 2009-2011, and it decreased to a stable level of PLN 3700 /m 2 in 2012-2014. The values of RMSE in Equation (4) calculated based on measured data and GRID nodes are compared in Figure 10b . The fit to average surface values generated for successive epochs is presented and compared in the diagrams. The measurements conducted in 2005 were characterized by the least satisfactory fit to the plane generated based on the average value for the investigated period ( Figure 6a ). Most values are localized on the side of the plane representing the average value (below average), and excluding one case, none of the values compensate for the resulting RMSE. In 2007 (Figure 6b) , most values were also localized on only one side of the plane representing the average price (above average), but in this case, all values were closer to the average. In 2009-2014, property prices were similar, and they were characterized by similar relationships with the average The average differences in the values assigned to GRID nodes are presented in Figure 10c . The differences were calculated between the value interpolated in a given epoch and the value determined by the average for the entire period. The diagrams indicate the years in which most real estate was valued below the average (negative values) and above the average (positive value). Most objects were priced below the average in 2005-2006 and above the average in 2007-2011. Property prices were closest to the average in 2012 and 2014, which is shown in Figure 10b (lowest RMSE). The standard deviation of node values in a GRID structure, calculated with Equation (3), is presented in Figure 10d . The diagram contains information about differences in property prices (attribute variations within a set) in every epoch as well as values that diverge most from the average. The greatest variation within a dataset was noted in 2007 ( Figure 6a ). This epoch was characterized by the most significant price fluctuations. The data in Figure 6a suggest that those variations occurred locally. The smallest fluctuations in property prices were noted in 2005, 2009 and 2014. The interpolated surfaces generated for those epochs most closely resembled a plane (Figure 6a,c) . The greatest deviation from the average price was noted in 2007 and the smallest deviation was observed in 2014 ( Figure 10d ).
Discussion
Due to the advantages and the considerable potential of a GRID structure, the presented analytical method offers a viable alternative to the interpolation methods that are presently deployed in real estate market analyses [12] [13] [14] [15] [16] [17] 49] . The choice of the most appropriate interpolation algorithm and optimal GRID resolution supports the generation of continuous interpolated surfaces while maintaining the values of measurement points. Uniform distribution of nodes in a GRID structure preserves the continuity of the model and supplements missing fragments in the modeled surface. The structure of points creating a surface model should be organized to speed up analysis and improve the effectiveness of data modeling and archiving. When a GRID structure is used, the resolution of network nodes forming the surface model can also be increased. When the number of points (nodes) is increased, the surface can be described with greater resolution, and analyses can be performed in areas without measurement points.
A GRID structure with higher resolution supported the localization of nodes near measurement points within the margin of error for estimating the horizontal coordinates of every measured point. When the size of a base field is decreased, data can be analyzed with greater precision, and all lines separating class intervals can be interpolated more smoothly. The selected interpolation algorithm was used to assign near-market values to groups of interpolation nodes located closest to the measurement points. In a TIN structure with a small number of measurement points, the generated surface models have low resolution and quality [50] . The above is not always the case in a GRID structure which supports the generation of networks where the resolution of nodes exceeds the density of measurement points alone. Resolution can be improved through the use of base squares with the required size and by performing the interpolation process based on the appropriately localized measurement points or nodes that were previously generated in a given area. Higher node density supports more detailed descriptions of the model in selected locations and more accurate analyses at any given point. Changes in the model over time can also be assessed when the location of GRID nodes is strictly mathematically determined. When this structure is used, comparative analyses can be conducted in the same points in space in different measurement epochs (years). The above solution can be deployed to forecast the behavior of the modeled space over time.
The proposed method also supports the localization of and compensation for measurement extrema. In the model developed with a GRID structure, interpolation algorithms facilitate compensation for extreme values at a given level of accuracy. The resulting model approximates the shape of space in a manner that facilitates shape analysis. The above compensates for the irregularities of the TIN model [51] [52] [53] [54] [55] , while maintaining the shape of the examined surface, which facilitates the relevant analyses. A GRID structure can be thus used to analyze highly complex data in real estate markets characterized by low transparency and low availability of reliable data.
Above all, the precise structural description of a surface model considerably speeds up data processing and modeling. The above accelerates database analyses and the search for the desired information.
The universal approach to processing GRID structures in the proposed methodology facilitates analyses of different measurements and the formulation of functional assumptions in various fields of research. Considerable amounts of data describing the attributes of the evaluated objects are recorded in a similar manner (object location and object attributes); therefore, the developed methodology can be applied in comprehensive analyses of similar cases.
The absence of continuous data on real estate prices in a given location poses a significant problem in analyses of the real estate market which plays a key role in the functioning of the entire real estate industry. The proposed solution increases the accuracy of multidimensional spatiotemporal analyses of the real estate market based on dispersed transaction data. As demonstrated in the study, GRID models support analyses and predictions of changes over time, complex comparisons of real estate prices in different epochs (years) and effective archiving of resources both for individual GRID nodes and the entire analyzed space. Data relating to market transactions can also be converted into a mathematically defined grid of nodes for analyzing and predicting values (real estate prices and values) at any point in time with the required accuracy. Such analyses can be performed in base fields of any size by generating GRID structures with a freely regulated resolution. This approach to archiving and analyzing real estate market data supports dynamic data processing. The described tool increases the accuracy of real estate market analyses and supports dynamic data processing, and it can be highly useful for market participants, including buyers, tenants and developers. The above factors play a particularly important role in analyses of transactions conducted on a large scale (cities, regions or even countries) that involve extensive sets of dispersed data concerning transactions, prices and longtime intervals. The real estate industry is characterized by high dynamics, variability and unpredictability, and models based on GRID structures can significantly facilitate real estate analyses and monitoring.
Conclusions
Methods that rely on GRID structures are a valuable tool for urban real estate market analyses. The spatial distribution of values constitutes the main source of information for market participants. The existing interpolation methods are characterized by a high degree of generalization and, consequently, limited accuracy. This problem largely detracts from the effectiveness of the generated models. The proposed interpolation method, developed based on a GRID structure, is characterized by much higher precision and effectiveness, which supports more accurate and varied analyses of property prices in space and time. A GRID interpolated surface can be used to analyze changes in any point of the investigated area and to perform comparisons with surfaces generated in other epochs. When the points on a GRID surface are distributed in a uniform fashion (Figure 3c) , changes in value can be evaluated more accurately than when a TIN surface (Figure 1c) is used for the same object. In TIN structures, the density, number and location of measurement points differ across epochs and cannot be directly compared. In GRID structures, data can be compared because the size of the base field is identical for all epochs. Any two fragments (represented by nodes) of interpolated surfaces can be compared despite differences in the number, location and local density of measurement points. The comparison can be performed for any time intervals. The values assigned to nodes in the analyzed area can also be included in selected layers of data in SIS. This approach supports comparisons with datasets that are stored in other SIS data layers.
The presented solution supports the generation of any space that approximates real space, and it can be used to control the accuracy of the consecutive stages of the procedure and to select the appropriate processing sequences during the entire process. The application of the GRID structure at various processing stages facilitates the organization of data and the application of similar control mechanisms to compare the accuracy of the consecutive stages of the analytical process. As a result, the processing stages, including the analysis of the measured data, generation of a GRID structure and its use in various practical applications, can be optimized. The proposed methodology supports highly dynamic data processing and considerable automation in consecutive stages of the process. The coherence of consecutive processing stages ensures that a full set of data will be examined comprehensively in statistical analyses. The accuracy of the generated models is controlled; therefore, the most effective solutions to the analyzed problems can be formulated in every stage of the process.
